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Kripke structure

For 𝐴𝑃 – set of atomic propositions (Boolean variables, constants, predicates),
Kripke structure 𝑀 = (𝑆, 𝐼, 𝑅, 𝐿) over 𝐴𝑃 is four-tuple:

𝑆 – finite set of states
𝐼 ⊆ 𝑆 – set of initial states
𝑅 ⊆ 𝑆 × 𝑆 – transition relation such that 𝑅 is left-total (for each state 𝑠 there is
a transition originating in it)
𝐿 ∶ 𝑆 → 2𝐴𝑃 – labelling function

Draw a Kripke structure for the following program:
x := 3;
x := x + 2;
x := 7;
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LTL semantics

1. 𝑀, 𝜋 ⊧ 𝑝 ↔ 𝑝 ∈ 𝐿(𝜋0)
2. 𝑀, 𝜋 ⊧ ¬𝜑 ↔ ¬(𝑀, 𝜋 ⊧ 𝜑)
3. 𝑀, 𝜋 ⊧ 𝜑1 ∨ 𝜑2 ↔ 𝑀, 𝜋 ⊧ 𝜑1 ∨ 𝑀, 𝜋 ⊧ 𝜑2

4. 𝑀, 𝜋 ⊧ 𝜑1 ∧ 𝜑2 ↔ 𝑀, 𝜋 ⊧ 𝜑1 ∧ 𝑀, 𝜋 ⊧ 𝜑2

5. 𝑀, 𝜋 ⊧ X 𝜑 ↔ 𝑀, 𝜋1 ⊧ 𝜑
6. 𝑀, 𝜋 ⊧ F 𝜑 ↔ ∃𝑖 ≥ 0 ∶ 𝑀, 𝜋𝑖 ⊧ 𝜑
7. 𝑀, 𝜋 ⊧ G 𝜑 ↔ ∀𝑖 ≥ 0 ∶ 𝑀, 𝜋𝑖 ⊧ 𝜑
8. 𝑀, 𝜋 ⊧ 𝜑1 U 𝜑2 ↔ ∃𝑖 ≥ 0 ∶ 𝑀, 𝜋𝑖 ⊧ 𝜑2 ∧ ∀𝑗 ∶ 0 ≤ 𝑗 < 𝑖 ⟹ 𝑀, 𝜋𝑗 ⊧ 𝜑1

9. 𝑀, 𝜋 ⊧ 𝜑1 R 𝜑2 ↔ 𝑀, 𝜋 ⊧ (G 𝜑2) ∨ (𝜑2 U (𝜑1 ∧ 𝜑2))

Draw a path for each one.
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LTL exercises

Decide and prove or disprove equivalence of following pairs of LTL formulae:

1. G 𝑝 and F G 𝑝
2. G 𝑝 and G F 𝑝
3. F 𝑝 and F G 𝑝
4. F 𝑝 and G F 𝑝
5. 𝑝 U 𝑞 and G 𝑞 ∨ (F 𝑞 ∧ G 𝑝)

Is any of these formulae implied by another one?
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Normal form of LTL formulae
Property formula 𝜑 is transformed into normal form:

Only ⊤, atomic propositions, ¬, ∧, and X and U operators
Assume 𝜑 ≠ ⊤, otherwise trivial

Application of rewrite rules:

F 𝑝 = ⊤ U 𝑝
G 𝑝 = ¬𝐹¬𝑝
𝑝 R 𝑞 = ¬(¬𝑝 U ¬𝑞)

¬X 𝑝 = X ¬𝑝
De Morgan Boolean equivalences

1. Show that the rewrite rules are correct.
2. Transform the following formulae into normal form:

2.1 𝑝 ∨ 𝑞
2.2 ¬X G 𝑝
2.3 (F 𝑝) R (X 𝑞)
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Closure of 𝜑

For LTL formula 𝑓 in normal form, 𝑐𝑙𝑜𝑠𝑢𝑟𝑒(𝜑) contains all its subformulae and their
negations

E.g.: for 𝜑 = 𝑎 U (¬𝑎 ∧ 𝑏), 𝑐𝑙𝑜𝑠𝑢𝑟𝑒(𝜑) = {𝑎, 𝑏, ¬𝑎, ¬𝑏, ¬𝑎 ∧ 𝑏, ¬(¬𝑎 ∧ 𝑏), 𝜑, ¬𝜑}

𝑐𝑙𝑜𝑠𝑢𝑟𝑒(𝜑) is closure of sub-formulae of 𝜑 under negation
We identify ¬¬𝜓 with 𝜓

Find the closure for the following formulae:
1. 𝑝 ∧ 𝑞
2. X (𝑝 ∧ ¬𝑞)
3. 𝑝 R 𝑞
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Elementary set
1. 𝐵 is consistent with respect to propositional logic, i.e., for all

𝜑1 ∧ 𝜑2, 𝜓 ∈ 𝑐𝑙𝑜𝑠𝑢𝑟𝑒(𝜑):
𝜑1 ∧ 𝜑2 ∈ 𝐵 ⟺ 𝜑1 ∈ 𝐵 and 𝜑2 ∈ 𝐵
𝜓 ∈ 𝐵 ⟹ ¬𝜓 ∉ 𝐵
⊤ ∈ 𝑐𝑙𝑜𝑠𝑢𝑟𝑒(𝜑) ⟹ ⊤ ∈ 𝐵

2. 𝐵 is locally consistent with respect to the until operator, i.e.,
for all 𝜑1 U 𝜑2 ∈ 𝑐𝑙𝑜𝑠𝑢𝑟𝑒(𝜑):

𝜑2 ∈ 𝐵 ⟹ 𝜑1 U 𝜑2 ∈ 𝐵
𝜑1 U 𝜑2 ∈ 𝐵 and 𝜑2 ∉ 𝐵 ⟹ 𝜑1 ∈ 𝐵

3. 𝐵 is maximal, i.e., for all 𝜓 ∈ 𝑐𝑙𝑜𝑠𝑢𝑟𝑒(𝜑):
𝜓 ∉ 𝐵 ⟹ ¬𝜓 ∈ 𝐵

Find at least one elemetary set for the following formulae:
1. 𝑝 ∧ 𝑞
2. X (𝑝 ∧ ¬𝑞)
3. 𝑝 R 𝑞
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GNBA 𝒢𝜑 for LTL 𝜑
Let 𝜑 be LTL formula over 𝐴𝑃. Then 𝒢𝜑 = (𝑄, 2𝐴𝑃, Δ, 𝑄0, 𝐹 ), where:

𝑄 is set of all elementary sets of 𝐵 ⊆ 𝑐𝑙𝑜𝑠𝑢𝑟𝑒(𝜑)
𝐴𝑃 is set of atomic propositions
𝑄0 = {𝐵 ∈ 𝑄 | 𝜑 ∈ 𝐵}
𝐹 = {𝐹𝜑1 U 𝜑2

| 𝜑1 U 𝜑2 ∈ 𝑐𝑙𝑜𝑠𝑢𝑟𝑒(𝜑)} where
𝐹𝜑1 U 𝜑2

= {𝐵 ∈ 𝑄 | 𝜑1 U 𝜑2 ∉ 𝐵 or 𝜑2 ∈ 𝐵}
Δ ∶ transition (𝐵, 𝐴, 𝐵′) is defined iff:

𝐴 = 𝐵 ∩ 𝐴𝑃, and
for every X 𝜓 ∈ 𝑐𝑙𝑜𝑠𝑢𝑟𝑒(𝜑) ∶ X 𝜓 ∈ 𝐵 ⇔ 𝜓 ∈ 𝐵′, and
for every 𝜑1 U 𝜑2 ∈ 𝑐𝑙𝑜𝑠𝑢𝑟𝑒(𝜑) ∶

𝜑1 U 𝜑2 ∈ 𝐵 ⇔ (𝜑2 ∈ 𝐵 ∨ (𝜑1 ∈ 𝐵 ∧ 𝜑1 U 𝜑2 ∈ 𝐵′)).
Draw the GNBA for the following formulae and find some accepting and non-accepting
runs:

1. X 𝑝
2. ¬X 𝑝
3. 𝑎 U 𝑏
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Explicit model checking of LTL

Procedure:
1. Property formula 𝐹 negated
2. Creating Büchi automaton 𝐴¬𝐹 accepting exactly language of ¬𝐹
3. Converting Kripke structure to Büchi automaton 𝐴𝑀

4. Creating product automaton 𝐴 = 𝐴¬𝐹 × 𝐴𝑀 accepting intersection of languages
5. Checking for emptiness of language accepted by 𝐴
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Product of Büchi automata
Intersection: 𝐴′ = (𝑄′, Σ, Δ1 ∪ Δ2, 𝐼 ′, 𝐹 ′)

𝑄′ = 𝑄𝐴 × 𝑄𝐵 × {1, 2}
Δ1 = {((𝑞𝐴, 𝑞𝐵, 1), 𝑎, (𝑞′

𝐴, 𝑞′
𝐵, 𝑖)) | (𝑞𝐴, 𝑎, 𝑞′

𝐴) ∈ Δ𝐴 ∧ (𝑞𝐵, 𝑎, 𝑞′
𝐵) ∈ Δ𝐵 and

if 𝑞𝐴 ∈ 𝐹𝐴 then 𝑖 = 2 else 𝑖 = 1}
Δ2 = {((𝑞𝐴, 𝑞𝐵, 2), 𝑎, (𝑞′

𝐴, 𝑞′
𝐵, 𝑖)) | (𝑞𝐴, 𝑎, 𝑞′

𝐴) ∈ Δ𝐴 ∧ (𝑞𝐵, 𝑎, 𝑞′
𝐵) ∈ Δ𝐵 and

if 𝑞𝐵 ∈ 𝐹𝐵 then 𝑖 = 1 else 𝑖 = 2}
𝐼′ = 𝐼𝐴 × 𝐼𝐵 × {1}
𝐹 ′ = {(𝑞𝐴, 𝑞𝐵, 2) | 𝑞𝐵 ∈ 𝐹𝐵}

Check whether the following Kripke structure satisfies the properties:
1. F 𝑎
2. 𝑎 U 𝑏

𝑎 𝑏
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