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Introduction

• In functional programming languages with strong type systems, 

the types constrain the structure of programs.

• In dependently-typed proof assistants such as Lean and Rocq, 

tactics (small commands) guide proof construction.

• How feasible is the usage of tactics for functional programming 

in general?

What is a Typed Hole?

𝜆(𝑥 : ℤ) ↦ (− : 𝔹)

A part of the program whose structure is still unknown but its type 

is (partially) known. We can use a tactic to fill this hole!

Two Theorems: Soundness and 

Completeness

The Soundness Theorem. We can only obtain well-typed pro

grams by synthesizing expressions from typed holes:

Theorem (soundness of transformation). If 𝜏  is a type such 

that TypeVar(𝜏) ⊆ TypeVar(Γ) and the statements Σ, Γ ⊢ 𝑒 : 𝜏 , 

Σ, Γ ⊢ 𝑒 ⟹∗ 𝑒′, 𝜃𝑈  both hold, then Σ, 𝜃𝑈Γ ⊢ 𝑒′ : 𝜃𝑈𝜏 .

The Completeness Theorem. By synthesizing expressions from 

typed holes, we can construct any well-typed program:

Theorem (completeness of transformation). Suppose that Σ, Γ 

are contexts so that UVar(Σ) = UVar(Γ) = ∅. If 𝑒+ is a well-typed 

expression without any typed holes (meaning that Σ, Γ ⊢ 𝑒+ : 𝜏  for 

some type 𝜏 ) and UVar(𝜏) = UVar(𝑒+) = ∅, then we have that 

Σ, Γ ⊢ (− : 𝜏) ⟹∗ 𝑒+, 𝜃𝑈  for some substitution 𝜃𝑈 .

Rules for Synthesis

From a function type, we can synthesize a function:

(𝑥 : 𝜏1) ∉ dom(Σ) ∪ dom(Γ)
(Intro)

Σ, Γ ⊢ (𝜏1 → 𝜏2) ⟿ 𝜆(𝑥 : 𝜏1) ↦ (− : 𝜏2), ∅

From any type, we can synthesize an application of an unknown 

function and unknown input:

𝑢 ∈ Fresh(Σ, Γ) \ UVar(𝜏)
(Apply)

Σ, Γ ⊢ 𝜏 ⟿ (− : 𝑢 → 𝜏)(− : 𝑢), ∅

…and many other possibilities!

Goals

• A mathematical formalism to describe the synthesis of 

programs through tactics that fill in typed holes.

• Prove two desirable properties of our system: soundness and 

completeness.

• Implement a Haskell prototype of this system.

The Language

Types, Expressions and Programs

let (add : ℤ → ℤ → ℤ) ≔

𝜆(𝑥 : ℤ) ↦ 𝜆(𝑦 : ℤ) ↦ 𝑥 + 𝑦

Typing Judgments

Σ, {𝑐 : 𝔹, 𝑥 : ℤ} ⊢ (if 𝑐 then 𝑥 else 0) : ℤ

Synthesis ⟿ and Transformation ⟹

Σ, Γ ⊢ (𝑎 × 𝑏 → 𝑎) ⟿ 𝜆(𝑝 : 𝑎 × 𝑏) ↦ (− : 𝑎), ∅

Σ, Γ ⊢ (− : ℤ → ℤ → ℤ) 𝑥 𝑦 ⟹ mult 𝑥 𝑦

REPL Implemented in Haskell

Lets you construct programs through tactics…

> letrec length [t] -> Int

Current hole: 0

letrec (length : [t] → ℤ) =

 (-#0 : [t] → ℤ)

 Suggestions:

1. length [ varLocal length ]

2. λ(x1 : [t]) ↦ (-#1 : ℤ) [ intro x1 ]

3. (snd (-#1 : ?1 × [t] → ℤ)) [ globalApply snd ]...

…and even ranks and proposes possible tactics!

GitHub Repository for the Haskell Prototype

Conclusion

We formally defined a toy functional language with polymorphic 

types, and used it to provide a mathematical formalism to describe 

tactic-based program synthesis. The Haskell implementation, under 

the constraints of a purely functional programming language, re

quired the usage of zippers for efficient program navigation, and 

occasional usage of monads.
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